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lllustration of Numerical Solution Techniques

In this script we illustrate the numerical solution techniques of the Euler Method, the 2 stage Runge-Kutta
method, the 4 stage R-K method, and an adaptive integration method built into matlab, ode23. We choose as an
example an undamped forced oscillator: a problem for which there is a simple analytic solution. Our problem is:

y" +y = sin(a*t)

The behavior of this oscillator depends on a, the dimensionless driving frequency. The amplitude blows up as a
approaches 1, the natural frequency of the oscillator.

We solve this problem as a pair of first order equations, such that y(1) is y and y(2) is y'. The corresponding
derivatives are:

ydot = @(t.y) [y(2) ; -y(1) + sin(a™t)];

With initial conditions: y0 = [0 ; 0];

We have the analytic solution to this equation:
yexact = @(t) (sin(a*t) - a* sin(t))/(1-a"2);
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The Euler Method

We plot things up over four periods (e.g., up to 8pi). We just define the derivative and the time step. We also
specify a, the frequency of the driving term.

a = 0.2;

% The exact solution:

yexact = @Q(t) (sin(a*t) - a* sin(t))/(l-a"2);



tall = [0:dt:8*pi]’;
y0 = zeros(2,1); % The initial condition
ydot = @(t,y) [y(2) ; -y(l) + sin(a*t)];
yem = zeros(2,length(tall)); % we keep both yl and y2.
n = length(tall)-1; %the number of steps
for i = 1:n
yem(:,i+l) = yem(:,1i) + dt*ydot(tall(i),yem(:,1i));
end
figure(1)
plot(tall,yexact(tall),'-o',tall,yem(1l,:))
xlabel('t")

ylabel('y")
legend( 'exact solution', 'Euler Method')
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The Two-Stage Runge-Kutta Technique

Very little needs to be added to the Euler method for the 2s R-K technique. The error, for this step size, is very
small and is graphically indistinguishable from the exact solution.

y2s = zeros(2,length(tall)); % we keep both yl and y2.
for i = 1:n

k1l = dt*ydot(tall(i),y2s(:,1i));

k2 = dt*ydot(tall(i+l),y2s(:,1i)+kl);

y2s(:,i+l) = y2s(:,1) + (kl+k2)/2;
end

figure(1l)

hold on

plot(tall,y2s(1l,:),'r")

hold off

legend( 'exact solution', 'Euler Method',6 '2 stage R-K')
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The Four-Stage Runge-Kutta Technique

This is very similar to the two stage technique, except there are four intermediate steps. The method is even
more accurate.



y4s = zeros(2,length(tall)); % we keep both yl and y2.
for i = 1:n

k1l = dt*ydot(tall(i),y4s(:,1));

k2 = dt*ydot(tall(i)+dt/2,y4s(:,1i)+k1l/2);

k3 = dt*ydot(tall(i)+dt/2,yds(:,1)+k2/2);

k4 = dt*ydot(tall(i)+dt,y4ds(:,1i)+k3);

yds(:,i+1l) = yds(:,1) + (k1+2*k2+2*k3+kd)/6;
end

figure(1)

hold on

plot(tall,y4s(1l,:),'g")

hold off

legend( 'exact solution', 'Euler Method',6'2 stage R-K',6'4 stage R-K')
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Adaptive Integrator

We use the adaptive integration method ode23.m supplied with matlab. It is also very accurate, and would
require fewer steps.

[tout yout] = ode23(ydot,[0 8*pi],y0);



figure(1)

hold on

plot(tout,yout(:,1),'k")

hold off

legend( 'exact solution', 'Euler Method', '2 stage R-K', '4 stage R-K',6 'ode23')
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Error Comparison

A better way of looking at the different methods is to determine the maximum error of each. Here, since we have
the exact solution, we can simply subtract it off and determine the maximum deviation.

errorem = max(abs(yem(1l,:)-yexact(tall')))

error2s = max(abs(y2s(l,:)-yexact(tall')))

error4s = max(abs(y4s(l,:)-yexact(tall')))

errorode23 = max(abs(yout(:,1l)-yexact(tout)))

errorem =



1.9829e+00

error2s =

3.3977e-02

errords =

6.5674e-05

errorode23 =

6.3964e-03

Other Approaches

Often it is desired to integrate to some condition (e.g., where a function value reaches zero) rather than over a
discrete range in time. This can be easily done for RK techniques using a while loop rather than a for loop
(updating the index at each step). At the conclusion of the integration the array of function values and
independent variables is trimmed (it needs to be predimensioned for efficiency) and the last element is adjusted
via interpolation for improved accuracy. Note that you can also adjust the array size inside the while loop as well.
This can also be done using the adaptive integrator ode23 via the "options" command. An implementation of a
"while" loop approach is given below.

t0 = 0; %The initial time

yO0

[0; 0]; %The inital value (column vector)
nchunk = 20; %We will predimension the arrays and expand as necessary
tallw = zeros(l, nchunk); %We will keep time as a row vector

y4sw = zeros(length(y0),nchunk); %$The y values are an array

tallw(l) = tO0;
yé4sw(:,1) = y0;

while (y4sw(1l,i)>0)||(i == 1); %The truncation condition, doing it at least once

if i+l > length(tallw); %Redimensioning the array
ydsw = [yd4sw, zeros(length(y0),nchunk)];

tallw = [tallw,zeros(l, nchunk)];
end
k1l = dt*ydot(tallw(i),ydsw(:,1));
k2 = dt*ydot(tallw(i)+dt/2,ydsw(:,1i)+kl/2);



k3
k4

dt*ydot (tallw(i)+dt/2,y4sw(:,1)+k2/2);
dt*ydot(tallw(i)+dt,ydsw(:,1)+k3);

ydsw(:,i+1l) = ydsw(:,1i) + (k1l+2*k2+2*k3+kd)/6;
tallw(i+l) = tallw(i) + dt;

i = i+l; %We update i
end

tallw
ydsw = ydsw(:,1l:1);

tallw(l:1i); %We trim the values

% Now for the interpolation for the root crossing:

f = ydsw(l,end-1)/(y4sw(l,end-1)-y4sw(l,end)); %Test on y = 0
tallw(end) = tallw(end-1)+£f*dt;

y4sw(:,end) = ydsw(:,end-1) + f*(ydsw(:,end)-ydsw(:,end-1));

figure(2)

plot(tall,yexact(tall),tallw,ydsw(l,:), " '*")

xlabel('t")

ylabel('y"')

legend( 'exact solution','4 stage R-K')

text(5,.5,[ 'Root crossing at t = ',num2str(tallw(end))])
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Conclusion

As can be seen, the Euler Method isn't very accurate for this differential equation. The two RK methods are much
more accurate, with the 4 stage method being three orders of magnitude better than the 2 stage method for this
choice of dt. The accuracy of the adaptive quadrature routine is determined by its tolerances, and can be
adjusted. For the choice of parameters used here it has the same total number of steps as the other methods and
lies between the 2 stage and 4 stage methods in accuracy.

Published with MATLAB® R2017a
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function [lambda,eigenvecl=slsolve(varargin)
%This function solves the Sturm-Liouville eigenvalue problem given by:

[p(x) y'1'" - q(x) y + lambda w(x) y = 0@
subject to the boundary conditions:
bc(1) y(@) + bc(2) y'(0) = @

bc(3) y(1) + bc(4) y'(1) = @

]

over the domain 0< x <1.
The function is called by the command:
[lambda,eigenvecl=slsolve('pfun', 'qfun', 'wfun',bc,n);

The function call requires that you provide the function names (or
handles if you are using the anonymous function utility) for the
functions p, g, and w. These functions must be able to handle an array
of values. You also provide the boundary coefficients in the array bc.
In addition, you may specify the degree of discretization n. Its default
value is 50. The matrices which are generated are of size (n+1,n+1).

The function returns the eigenvalues in the array lambda (sorted by size
in ascending order) and the matrix eigenvec which contains the
corresponding eigenfunctions. The eigenfunctions are all normalized by
their maximum value over the domain @<x<l1.

A last note on error: The code uses second order derivative
approximations, so the error in the eigenvalues and eigenvectors will be
of 0(1/n”2}. 1In general, the first few eigenvalues will be reliable, but
the accuracy will deteriorate as you look at the higher eigenvalues, with
the last few being meaningless.

0P o of d° o° O I O° P AP I P A° P A° O O P P I° A I I O O o° O° P P d° of°

p=varargin{1l};
g=varargin{2};
w=varargin{3};
bc=varargin{4};

if nargin<5;n=50;else;n=varargin{5};end

h=1/n; %set discretization
x=[@:h:1]"'; %this is the array of x values

%Now we set up the arrays used in making the matrix A:
pp=zeros(1,n+1);
pm=zeros(1,n+l);

ww=zeros(1l,n+1);
qgq=zeros(1,n+1);

for i=2:n
pp(i)=feval(p,x(i)+h/2);
pm(i)=feval(p,x(i)-h/2);
ww(i)=feval(w,x(i));
qq(i)=feval(q,x(1));

end

%The matrix W is easy:
weight=-diag(ww);
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%The matrix A is a bit more complex. First we do
%the main diagonal:

a=diag(-pp-pm-qqxh~2);

%sand then the super and sub diagonals:
a=a+diag(pp(1:n),1);

a=a+diag(pm(2:n+1),-1);

%Finally, we divide by h"2:
a=a/h"2;

%And now for the boundary conditions. First at the left edge:
a(1,1)=bc(1)-bc(2)*1.5/h;

a(1,2)=bc(2)*2/h;

a(1,3)=-bc(2)/2/h;

%and at the right edge:
a(n+1,n+1)=bc(3)+bc(4)*1.5/h;
a(n+1,n)=-bc(4)*x2/h;
a(n+l,n-1)=bc(4)/2/h;

%Now we are ready to calculate the eigenvalues:
[v,d]=eig(a,weight);

%The number of eigenvalues and vectors will be less
%than the size of A and W, thus:

evals=diag(d);

i=find(isfinite(evals)); %The matlab 7 form of finite!
evals=evals(i);

evecs=v(:,1i);

%Now we sort the eigenvalues and eigenvectors according
%to the size of the eigenvalues:
[~,il=sort(abs(real(evals)));

lambda=evals(i);

evecs=evecs(:,i);

%sand finally, we normalize the eigenvectors by their
%maximum value.

eigenvec=zeros(size(evecs));

for j=1:length(lambda)

eigenvec(:,j)=evecs(:,j)/norm(evecs(:,j),inf)/sign(evecs(2,j));

end
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Separation of Variables Example: Startup of flow in a tube

We examine the numerical solution to the startup of a fluid flowing through a circular tube: what happens in a
vertical straw filled with fluid when you take your finger off the end.

% We have the asymptotic solution uinf:
uinf = @(r) (l-r."2)/4;

And we have the functions p, g, and w from the resulting spatial

a0 o

Sturm-Liouville problem:

p = @(x) x;
@(x) zeros(size(x));

Q
I

Q(x) x;

g
Il

% The boundary conditions are zero derivative at the center and zero
% magnitude at r = 1:
bec = (0,1,1,0];

Q

% We set the number of eigenvalues we would like (only the earlier ones are
% accurate) and the degree of discretization.

n = 100; %The number of points we would like (the number of intervals)
% and we use our solver:
[lambda, eigenvecs] = slsolve(p,q,w,bc,n);

% And that's it!

Eigenvalues, Eigenvectors, and Coefficients

We are interested in the lead eigenvalues, coefficients, and eigenvectors. We just look at the first five:

firsteigenvals = lambda(1l:5)

[}

% And we calculate the coefficients using the Trapezoidal Rule:



r = [0:1/n:1]"';

% The Trapezoidal Rule weights:
weights = ones(1l,n+1l);
weights(1l) = 0.5;

weights(n+l) = 0.5;
weights=weights/n;

a = zeros(length(lambda),1l);

for i = l:length(lambda)
numerator = -weights*(w(r).*uinf(r).*eigenvecs(:,1i));
denominator = weights*(w(r).*eigenvecs(:,i)."2);
a(i) = numerator/denominator;

end

firstcoefficients = a(1l:5)

% And we plot the first five eigenfunctions:
figure(1l)

plot(r,eigenvecs(:,1:5))

xlabel('r')

ylabel('y"')

title('First Five Eigenfunctions')
legend('n=1','n=2"','n=3"','n=4",'n =5")
grid on

firsteigenvals =

5.7829
30.4633
74.8397

138.8784
222.5174

firstcoefficients =

-0.2770
0.0350
-0.0113
0.0054
-0.0028
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Velocity at the Centerline

We are most interested in the velocity at the centerline. This will be uinf + udecaying evaluated at r = 0. So:

t = [0.0005:.001:17;
ucenter = zeros(size(t)); %We initialize the array

for i = l:length(t)
ucenter (i) = uinf(0) + sum(a.*exp(-lambda*t(i)).*eigenvecs(1l,:)"');
end

% We can also look at the one-term approximation:
ucenterlterm = uinf(0) + a(l)*exp(-lambda(l)*t)*eigenvecs(1l,1);

figure(2)

plot(t,ucenter,[0,.25]1,[0,.25],t,ucenterlterm)
xlabel('dimensionless time')

ylabel('centerline velocity')

legend( 'numerical solution', 'short time asymptote', 'one term approx'
grid on

~—
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Velocity Profile at Various Times

We can also plot up the velocity distribution for specific times. You will note the issue near the origin at very short
times. This is known as the Gibbs ringing phenomenon and is well known in signal processing.

tplot = [0.0002,.05,.1,.2,.4,.8,1.6,3.2]";

uprofile = zeros(length(r),length(tplot));
for j = l:length(tplot)
for i=1l:length(r)
uprofile(i,j) = uinf(r(i)) + sum(a.*exp(-lambda*tplot(j)).*eigenvecs(i,:)"');
end
end
figure(3)
plot(r,uprofile,r,uinf(r))
legend (num2str(tplot), 'asymptote’)
xlabel('r")
ylabel( 'Velocity')
title('Velocity Distribution at Different Times')
grid on
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%This script produces a movie of startup flow in a pipe. It uses the Euler
%smethod marching forward in time.

n=20; %The spatial discretization.
dr=1/n;

r=[0:dr:1];

u=zeros(size(r));
udot=zeros(size(r));

i=[2:n]; %The interior nodes
dt=0.5%dr"2; %We choose a time discretization for stability.

t=0;

while t<.5
t=t+dt;

% The derivative for the interior nodes
udot(i)=1+((u(i+1)-u(i))/dr.x(r(i)+dr/2)...
—(u(i)-u(i-1))/dr.*x(r(i)-dr/2))/dr./r(i);

u(i)=u(i)+udot(i)*dt; %We update interior nodes
u(n+1)=0; % The velocity at the outer wall remains zero.

% We use a zero derivative condition at the center.
u(1)=2/3*%(2*%u(2)-0.5%u(3));

figure(1)

plot(u,r, 'x"',0.25%(1-r.”2),r, [0 0],[0 1])

axis([o .3 0 1])

xlabel('ux")

ylabel('rx")

title(['Velocity Profile in a Pipe for t*x = ',num2str(t)])
% drawnow

%Let's compare this to the exact solution! We have the eigenvalues (roots
%0f J0, we keep ten):
sigma =[2.40482555769577
5.52007811028631
8.65372791291101
11.79153443901428
14.93091770848779
18.07106396791092
21.21163662987925
24,35247153074930
27.49347913204025
30.63460646843198] ';
sWhich yields the coefficients:
an=-2.0./sigma.”3.0./besselj(1,sigma);
%sand the solution:
uexact=0.25%(1-r.”2)+(an.*xexp(-sigma.”2xt) )*besselj(0,sigma'xr);
%and we plot it up:
hold on
plot(uexact,r,'g")
hold off

%We can also plot up a movie of the deviation:
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figure(2)

plot(r,u-uexact)

xlabel('rx")

ylabel('deviation")

title(['Deviation from exact solution (ten eigenvalues) for t*x = ',num2str(t)])
drawnow

end

%Note that most of this stuff was the comparison...
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Simulation of a Quenched Cube

n thi imulation e ue onte Calo inteation to detemine the aeae temeatue of a cube a a function of
time t initial temeatue i and the uface temeatue i eo e tatith tace ditibuted oe the
oitie chun of the cube eflect at the mmet lane and emoe tace hich eceed in an diection

he aeae temeatue i ut the numbe of tace emainin in the domain ote that the te ie in time

mut be mall enouh that the dt um i mall ith eect to the domain

N = 10000; % We start with lots of tracers

dt = 0.00005; % This yields a random walk step of 1%

x = rand(N,1); % The initial values of x
y = rand(N,1);

z = rand(N,1);

tfinal = .5; % How long we run it for.

tall = [0:dt:tfinal];

t =0;

i = 1; % A counter.

isout = max(max(x,y),z); %This returns the maximum of x, y, and z for each
ikeep = find(isout<1l);

nleft = N;

Tavgkeep = zeros(size(tall));

Tavg = 1; % Our initial temperature

Tavgkeep(l) = Tavg;

while nleft>0 & t<tfinal
i = i+1;
t = tall(i);
X(ikeep) = x(ikeep) + (2*dt)”.5*randn(nleft,1);
y(ikeep) y(ikeep) + (2*dt)”.5*randn(nleft,l);
z(ikeep) = z(ikeep) + (2*dt)”".5*randn(nleft,l);
x = abs(x); % We reflect at zero

y
z

abs(y);

abs(z);
isout = max(max(x,y),z); %This returns the maximum of x, y, and z for each

ikeep = find(isout<1l);
nleft length(ikeep);
Tavgkeep(i) = nleft/N;

end



figure(1)

plot(tall, Tavgkeep)
xlabel('t")

ylabel ('Average Temperature')

grid on
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